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region R is always on the left-hand side as the curves are traversed in the directiops shown
and cancelation occurs over common boundary arcs traversed in opposite directions, Wjﬂ;
this convention, Green’s Theorem is valid for regions that are not simply connected,

b\\g\>
’ a\\‘%\R \ .
* a > b *
(b)

FIGURE 16.35 Other regions to which Green’s Theorem applies. In (c) the axes convert the region into four simply
connected regions, and we sum the line integrals along the oriented boundaries.
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Exercises 1 6-4

Verifying Green’s Theorem 11 F = 22 + lx“yj 12. F =
In Exercises 14, verify the conclusion of Green’s Theorem by evaluat- 2 1+ 52
ing both sides of Equations (3) and @) forthefield F = Mi + Nj. Take
the domains of integration in each case to be the disk R: x2 -+ ¥ =a?
and its bounding circle C: r = (acos )i + (asin £)j, 0 < r < 247.

L F=—yi+xj 2. F =yi

3. F = 2xi — 3yj 4. F = —xMi + 1%

1

Circulétion and Flux .
In Exercises 5-14, use Green’s Theorem to find the counterclockwise |
circulation and outward flux for the field F and curve C. (0,0)

5. F=0x-»i+ - xj
C: The square bounded by x = 0,x = Ly=0,y=1
6. F=(x+ 4)i + (x + y)j
C: The square bounded by x = O,xv= LLy=0,y=1
CTOF = (02 = aDi + (2 + y)j 4. F= (tan—l %)x +In(x? + y2)j
C: The triangle boundedby y = 0,x = 3,and y = x

13. F = (x + &siny)i + (x + e*cos i
C: The right-hand loop of the lemniscate 2 = cos 20

C: The boundary of the region defined by the polar coordinate

8. F =G +yi— (& +y) inequalities ] < r =2, 0=<0 < 5
C: The triangle bounded byy=0,x =1, and y=x 15. Find the counterclockwise circulation and outward flux of fhe
9. F = (xy + yi + (x — Wi 10, F = (x + 3y)i + (2x — i field F = xyi + y% around and over the boundary of the region

enclosed by the curves y = x2and ¥ = x in the first quadrant.

y 16. Find the counterclockwise circulation and the outward flux of the
Y field F = (—sin y)i + (xcos ¥)j around and over the square cut
r from the first quadrant by the lines x = = /2andy = 7/2.

c 1] 2+yr=2 17. Find the outward ﬂug of the field

il B
~2\\L\\§ o ‘ F = (3xy — 1 -fyz)i + (e" + tan“‘y)j
©,0) * -

across the cardioid » = a(1 + cos 6), a > 0.
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18. Find the counterclockwise circulation of F = (y + ¢*Iny)i +
(€*/y)j around the boundary of the region that is bounded above
by the curve y = 3 — x? and below by the curve y = x* + 1.

Work
In Exercises 19 and 20, find the work done by F in moving a particle

once counterclockwise around the given curve.

19. F = 2% + 4x%%
C: The boundary of the “triangular” region in the first quadrant
enclosed by the x-axis, the line x = 1, and the curve y = x*

20. F = (dx — 2y)i + (2x — 4y)j
C:Thecircle (x — 22+ (y — 2> =4

Using Greent's Theorem
Apply Green’s Theorem to evaluate the integrals in Exercises 21-24.

21, 7{ (y2dx + x2 dy)

¢

C: The triangle bounded by x =0, x + y =1,y =0
22. ;14(3)1 dx + 2x dy)

2 .

C:Theboundaryof 0 = x = 7,0 =y = sinx
23. ‘%(6)1 +x)dx + (y + 20) dy

c

C:Thecircle (x — 2)> + (y — 3> =4
24, % (2x + y2) dx + 2xy + 3y) dy

¢

C: Any simple closed curve in the plane for which Green’s Theo-
rem holds

Calculating Area with Green’s Theorem If a simple closed curve
C in the plane and the region R it encloses satisfy the hypotheses of
Green’s Theorem, the area of R is given by

Green’s Theorem Area Formula

Areaof R = %%xdy —ydx
¢

The reason is that by Equation (4), run backward,

AreaofR=//dydx=//<%+%)dydx
R R

= dieay - Ly
~f2xdy 2ydx.
oj

Use the Green’s Theorem area formula given above to find the areas
of the regions enclosed by the curves in Exercises 25-28.

25, Thecircle r(f) = (acos i + (asinpj, 0=1=2xw

0=t=27w

26. The ellipse ¥(¥) = (a cos Hi + (b sin 1j,

27.
28.
29.

30.

31.

32,

33.

34.

35.

36.

37.
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16.4 Green’s Theorem in the Plane

The astroid r(f) = (cos*s)i + (sin®t)j, 0 =1r=< 24
One arch of the cycloid x = ¢t — sint, y =1 — cost

Let C be the boundary of a region on which Green’s Theorem
holds. Use Green’s Theorem to calculate

a, ff(x) dx + g(y) dy
C

b. y{ky dx + hxdy (kand k constants).

¢
Integral dependent only on area Show that the value of

%xyzdx + (2% + 2x) dy
¢

around any square depends only on the area of the square and not
on its location in the plane.

Evaluate the integral

%4x3y dx + x*dy
o
for any closed path C.
Evaluate the integral
)’ y{—-)ﬂ dy + x° dx
Lof
for any closed path C.
Area as a line integral Show that if R is a region in the plane
bounded by a piecewise smooth, simple closed curve C, then

Areaof R = ?{xdy = —j{ydx.
¢ toj

Definite integral as a line integral Suppose that a nonnegative
function y = f(x) has a continuous first derivative on [a, b]. Let
C be the boundary of the region in the xy-plane that is bounded
below by the x-axis, above by the graph of f, and on the sides by
the lines x = g and x = b. Showthat

b
/ f(x)dxz—jz{ydx.
a &

Area and the centroid Let A be the area and ¥ the x-coordinate
of the centroid of a region R that is bounded by a piecewise
smooth, simple closed curve C in the xy-plane. Show that

%%xzdy = —}l{xydx=%y{x2dy — xydx = Ax.
¢ ¢ oj

Moment of inertia Let-/, be the moment of inertia about the
y-axis of the region in Exercise 35. Show that

Ld v gu= 2 1l anm_ 2 -
37{x dy = %xydx 47{x dy — xydx = I,
¢ ¢ ¢

Green’s Theorem and Laplace’s equation Assuming that all
the necessary derivatives exist and are continuous, show that if
f(x, y) satisfies the Laplace equation
2f  &f
2tz 0
ax ay
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then

of af
aya/x d =0
¢
for all closed curves C to which Green’s Theorem applies. (The
converse is also true: If the line integral is always zero, then f
satisfies the Laplace equation.)
38. Maximizing work Among all smooth, simple closed curves in

the plane, oriented counterclockwise, find the one along which
the work done by

F= (%ﬁy + %y3)i + xj

is greatest. (Hint: Where is (curl F) - k positive?)

39. Regions with many holes Green’s Theorem holds for a region
R with any finite number of holes as long as the bounding curves
are smooth, simple, and closed and we integrate over each com-
ponent of the boundary in the direction that keeps R on our imme-
diate left as we go along (see accompanying figure).

a. Let f(x,y) = In (x> + y?) and let C be the circle
x% + y? = 4% Evaluate the flux integral

fo'nds.

¢
b. Let K be an arbitrary smooth, simple closed curve in the plane
that does not pass through (0, 0). Use Green’s Theorem to

show that
jlg‘V fends

K

has two possible values, depending on whether (0, 0) ljes
inside K or outside K.

40. Bendixson’s criterion The streamlines of a planar fluid flow
are the smooth curves traced by the fluid’s individual particles.
The vectors F = M(x, y)i + N(x, y)j of the flow’s velocity fielq
are the tangent vectors of the streamlines. Show that if the flow
takes place over a simply connected region R (no holes or miss-
ing points) and that if M, + N, # 0 throughout R, then none of
the streamlines in R is closed. In other words, no particle of flujd
ever has a closed trajectory in R. The criterion M, + N, #
is called Bendlxson s criterion for the nonexistence of closed
trajectories.

41. Establish Equation (7) to finish the proof of the special case of
Green’s Theorem.

42. Curl component of conservative fields Can anything be said

about the curl component of a conservative two-dimensional vec-
tor field? Give reasons for your answer.

COMPUTER EXPLORATIONS
In Exercises 43-46, use a CAS and Green’s Theorem to find the coun-
terclockwise circulation of the field F around the simple closed curve
C. Perform the following CAS steps.

a. Plot Cin the xy-plane.

b. Determine the integrand (0N/ax) — (8M/dy) for the tangen-
tial form of Green’s Theorem.

¢. Determine the (double integral) limits of integration from
your plot in part (a) and evaluate the curl integral for the

circulation.
43, F = Qx — yi + (x + 3y)j, C: Theellipse x> + 4y = 4
2 2
44. F = (253 — y)i + (x* + y%)j, C: The ellipse '% + % =1

45. F = x1&i + (¢’ Inx + )j,
C: The boundary of the region defined by y = 1 + x* (below) and
y = 2 (above)

46. F = xe’i + (4x* In y)j,
C: The triangle with vertices (0, 0), (2, 0), and (0, 4)

1 65 Surfaces and Area

We have defined curves in the plane in three different ways:

Explicit form:
Implicit form:

Parametric vector form:

y = f&x)
F,y) =0
(@) = fi + g®j,

a=t=h.

We have analogous definitions of surfaces in space:

Explicit form:

Implicit form:

z = f(x,y)
Flx,y,7) = 0.




Finding Parametrizations

In Exercises 1-16, find a parametrization of the surface. (There are
many correct ways to do these, so your answers may not be the same
as those in the back of the book.)

1. The paraboloid z = 2% + y%,z < 4

2. The paraboloid z = 9 — x> — %,z =0

3. Cone frustum The first-octant portion of the cone z=
Vx? + y?/2 between the planes z = O and z = 3

4. Cone frustum The portion of the come z = 2Vx?+ y?
between the planes z = 2 and z = 4

5. Spherical cap - The cap cut from the sphere x> + y? + 22 =9
by the cone z = m

6. Spherical cap The portion of the sphere x> + y* + 22 = 4 in
the first octant between the xy-plane and the cone z = \/szy2

7. Spherical band The portion of the sphere x> + y2 + 72 =3
between the planes z = V/3/2 and z = -V3 /2

. Spherical cap The upper portion cut from the sphere
x* + y? + 72 = 8 by the plane z = —2

9. Parabolic cylinder between planes The surface cut from the

parabolic cylinder z = 4 — y* by the planes x = 0, x = 2, and

z=0 ' ’

Parabolic cylinder between planes The surface cut from the

parabolic cylinder y = x? by the planes z = 0,z = 3,and y = 2

1. Circular cylinder band ~The portion of the cylinder y* + 72 =

between the planes x = 0 andx = 3

[=2]

10

12. Circular cylinder band The portion of the cylinder x* + z* =
above the xy-plane between the planes y = —2 and y = 2

13. Tilted plane inside cylinder The portion of the plane x + y +

z=1
a. Inside the cylinder x* + y? = 9
b. Inside the cylinder y* + 22 = 9

14, Tilted plane inside cylinder The portion of the plane
x—y+27=2
a. Inside the cylinder x> + 72 = 3
b. Inside the cylinder y* + 72 = 2

15, Circular cylinder band The portion of the cylinder (x — 2)* +
22 = 4 between the planes y = O and y = 3

16. Circular cylinder band The portion of the cylinder y? +
(z — 5)* = 25 between the planes x = O and x = 10

Surface Area of Parametrized Surfaces

In Exercises 17-26, use a parametrization to express the area of the
surface as a double integral. Then evaluate the integral. (There are
many correct ways to set up the integrals, so your integrals may not be
the same as those in the back of the book. They should have the same
values, however.)

17. Tilted plane inside cylinder The portion ‘of the plane
y + 2z = 2 inside the cylinder x* + y? = 1
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16.5 Surfaces and Area

18. Plane inside cylinder The portion of the plane z = —x inside
the cylinder x% + y* =

19. Cone frustum The portion of the cone z = 2Vx? + y?
between the planes z = 2 and z = 6

20. Cone frustum The portion of the cone z = Vx? + y?/3
between the planes z = 1 and z = 4/3

21. Circular cylinder band The portion of the cylinder
x* + y* = 1 between the planes z = 1 and z = 4

22, Circular cylinder band The portion of the cylinder x? + 72 =
10 between the planes y = —landy = 1

23. Paraboliccap The cap cut from the paraboloid z = 2 — x* —y?
by the cone z = Vx? + y?

24. Parabolic band The portion of the paraboloid z = x? + y?
between the planes z = 1 and z = 4

25. Sawed-off sphere The lower portion cut from the sphere
X2+ 32 + 72 = 2 by the cone z = V% + y?

26. Spherical band The portion of the sphere x* + y* + 72 = 4
between the planes z = —1 and 7 = \/3

4

Planes Tangent to Parametrized Surfaces

The tangent plane at a point Py(Ff(itg, vo), gty Vo), H{lig, vp)) on a

parametrized surface r(u, v) = f(u, v)i + g, v)j + h(u, v)k is the

plane through B, normal to the vector r(up, vo) X r,(up, vg), the
cross product of the tangent vectors 1,(uy, vy) and 1,(ug, vp) at By, In

Exercises 27-30, find an equation for the plane tangent to the surface

at Py. Then find a Cartesian equation for the surface and sketch the

surface and tangent plane together.

27. Cone The cone r(r,0) = (rcos @i + (rsin8)j + rk,r = 0,
0 =6 = 2w at the point PO( V2, V2, 2) corresponding to
r0) = 2,m/4

28. Hemisphere The hemisphere surface r(¢, ) = (4 sin ¢pcos O)i
+(@singsinf)j + (dcosd)k,0=¢ = 7/2,0 =0 =2,
at the point Po( V2,V2, 2\/5) corresponding to (¢, §) =
(m/6,m/4)

29. Circular cylinder The circular cylinder r(6, z) = (3 sin 28)i +
(6sin20)j + zk,0 =< 6 < 7, at the point Py(3V/3/2,9/2,0)
corresponding to (6, z) = (w/3, 0) (See Example 3.)

30. Parabolic cylinder The parabolic cylinder surface r(x,y) =
xi + yj — 2%k, —00 < x < 00,—00 <y <00, at the point
Py(1, 2, —1) corresponding to (x, y) = (1, 2)

More Parametrizations of Surfaces

31. a. A torus of revolution (&6ughnut) is obtained by rotating a circle
C in the xz-plane about the z-axis in space. (See the accompa-
nying figure.) If C has radius r > 0 and center (R, 0, 0), show
that a parametrization of the torus is

r(u, v) = (R + rcos u)cos v)i

+ ((R + rcos w)sin v)j + (rsin u)k,

where 0 =< u < 27 and 0 = v =< 2% are the angles in the
figure.
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b. Show that the surface area of the torus is A = 472Rr.

f Rl
)

z

o]

u

32. Parametrization of a surface of revolution Suppose that the
parametrized curve C: (f(u), g(i)) is revolved about the x-axis,
where g(u) > Ofora = u = b.

a. Show that
r(u, v) = f(wi + (glu)cos v)j + (g(w)sin v)k

is a parametrization of the resulting surface of revolution,
where 0 = v = 2 is the angle from the xy-plane to the
point r(x, v) on the surface. (See the accompanying figure.)
Notice that f(i) measures distance along the axis of revolu-
tion and g(u) measures distance from the axis of revolution.

b. Find a parametrization for the surface obtained by revolving
the curve x = y2, y = 0, about the x-axis.

33. a. Parametrization of an ellipsoid The parametrization
x=acosB, y=bsinf, 0 =6 =27 gives the ellipse
(x2/a*) + (¥*/b?) = 1. Using the angles 6 and ¢ in spheri-
cal coordinates, show that

16, ¢) = (acos 8 cos p)i + (bsin O cos P)j + (c sin p)k

is a parametrization of the ellipsoid (x*/a?) + (¥*/b?) +

(/%) = 1.

b. Write an integral for the surface area of the ellipsoid, but do
not evaluate the integral.

34. Hyperboloid of one sheet
a. Find a parametrization for the hyperboloid of one sheet
x* + y* — 72 = 1 in terms of the angle 6 associated with the
circle x* + y* = 2 and the hyperbolic parameter u assoc;-
ated with the hyperbolic function r? — 22 = 1. (Hins:
cosh?u — sinh®u = 1.)
b. Generalize the result in part (a) to the hyperboloid
(x*/a?) + (/) — (2%/c?) = 1.
35. (Continuation of Exercise 34.) Find a Cartesia.n equation for the
plane tangent to the hyperb0101d x* + y* — 22 = 25 at the point
(%9, Yo, 0), where x,% + y,2 = 25.
36. Hyperboloid of two sheets Find a parametrization of the
hyperboloid of two sheets (z2/c?) — (x2/a?) — (y*/1?) = 1.
Surface Area for Implicit and Explicit Forms
37. Find the area of the surface cut from the paraboloid x> + y2 ~ ; =
0 by the plane 7 = 2.
38. Find the area of the band cut from the paraboloid x* + y? — 7 =
0 by the planes z = 2 and z = 6.
39. Find the area of the region cut from the plane x + 2y + 27 =35
by the cylinder whose walls are x = y? and x = 2 — y2,
40. Find the area of the portion of the surface x> — 2z = 0 that lies
above:the triangle bounded by the lines x = V3, y =0, and
y = x in the xy-plane.

"41. Find the area of the surface x> — 2y — 2z = 0 that lies above the

triangle bounded by the lines x = 2,y = 0, and y = 3x in the
xy-plane.

42. Find the area of the cap cut from the sphere x2 + y2 + 72 = 2 by
the cone 7 = \/szyz

43. Find the area of the ellipse cut from the plane z = cx (¢ a con-
stant) by the cylinder x> + y? =

44. Find the area of the upper portion of the cylinder x* + 2% = |
that lies between the planes x = +1/2 and y = £ 1/2.

45, Find the area of the portion of the paraboloid x = 4 — y2 — 2
that lies above the ring 1 = y* + 72 < 4 in the yz-plane.

46. Find the area of the surface cut from the paraboloid x* + y + 2% =
2 by the plane y = 0.

47. Find the area of the surface x> — 2Inx + V 15y — z = 0 above
thesquare R: 1 = x = 2,0 = y =< 1, in the xy-plane.

48. Find the area of the surface 2x%2 + 2y%2 — 37 = ( above the
square R: 0 = x = 1,0 = y = 1, in the xy-plane.

Find the area of the surfaces in Exercises 49--54.

49. The surface cut from the bottom of the paraboloid z = 24y
by the plane 7 = 3

50. The surface cut from the “nose” of the paraboloid x = 1 =
y? — 72 by the yz-plane

51. The portion of the cone z = V2 + y? that Hes over the region
between the circle x2 + y? = 1 and the ellipse 9x2 + 4y* = 30
in the xy-plane. (Hint: Use formulas from geometry to find the
area of the region.)

52. The triangle cut from the plane 2x + 6y + 3z = 6 by the bound-
ing planes of the first octant. Calculate the area three ways, using

. different explicit forms.

53. The surface in the first octant cut from the cylinder y = @/ 3)43/—

by the planes x = 1 and y = 16/3




